Using a gauge transformation connecting the Korteweg-de Vries (KdV) equation and a variable coefficient KdV equation, we obtain a strong symmetry, two sets of symmetries, bilinear form and solutions for the latter from the counterparts of the KdV equation. The two sets of symmetries form a Lie algebra.
Introduction
The variable-coefficient Korteweg-de Vries (vcKdV) equation with different forms is well known as a model equation describing propagation of weakly nonlinear, weakly dispersive waves in inhomogeneous media [1] . For example, it can be used to describe (the propagation of) shallow-water solitary and nonlinear periodic waves over a gradual slope with bottom friction [2] , and internal solitary waves in the coastal ocean [3] . It is also used to describe solitary waves in an inhomogeneous discharge plasma [4] . A vcKdV equation with the following form was originally proposed by Grimshaw in 1979 [5] :
(1.1)
From then on, this equation with some special choices for f (t) and g(t) [6] [7] [8] [9] received much attention, such as auto-Bäcklund transformation, Painlevé property, similarity reductions and so on. The following relation between f (t) and g(t) has been shown to be important [10] :
where a and b are real constants and a = 0. Under the above relation the vcKdV equation (1.1) can pass the Painlevé test [10] , can be bilinearized with multi-soliton-like solutions [11, 12] and can have infinitely many forms of conservation laws [11, 13] . In fact, behind these results there is a gauge transformation [14] between the vcKdV equation (1.1) and the standard KdV equation when f (t) and g(t) satisfy (1.2). The gauge transformation is described in the following form:
where u(x, t) solves the vcKdV equation (1.1) but U (X, T ) solves the standard KdV equation
The transformation also connects the Lax pairs for the two equations, i.e.
(1.5b) for the vcKdV equation (1.1) and
(1.6a)
for the KdV equation (1.4) . In general, a gauge transformation means the transformation for both equations and Lax pairs. Such transformations have been found for many integrable systems [15] [16] [17] [18] . In fact, in addition to equations and Lax pairs, a gauge transformation might also connect Hamiltonian structures [18, 19] , conservation laws, symmetries and their Lie algebras [20] . By transformation (1.3) we have derived infinitely many conservation laws for the vcKdV equation (1.1) [14] . In this paper, we will consider symmetries for the vcKdV equation (1.1). We will get two sets of symmetries and their Lie algebra using the basic transforming theories for symmetries given in [20] . We will also derive the N -soliton solution in the Wronskian form for the vcKdV equation (1.1) from the counterpart of the KdV equation (1.4) by using the transformation (1.3).
In section 2, we will recall basic notions of symmetries and transforming theories given in [20] . Then in section 3, we derive symmetries for the vcKdV equation and in section 4 we investigate bilinear form and Wronskian solutions.
Transforming theories for symmetries
We first recall some basic notions on symmetries that can be found in many publications (e.g. [21] ). Let us define the function space V(x, t) consisting of all functions that are C
u) is an operator living on V(x, t).
For the function f (u) ∈ V(x, t) and the operator , their Gâteaux derivatives in the direction h w.r.t. u are defined as
f u and u are referred to as linearization operators of f and , respectively. By Gâteaux derivative, one can introduce the commutator
For a nonlinear evolution equation
2) 
Such an operator for (2.2) means that if τ is a symmetry of (2.2), so is τ .
In the following, let us introduce some transforming theories for symmetries given in [20] . First, we need two nonlinear evolution equations 6) and suppose that they are related by the transformation
In the following, we also, particularly by P, denote the function/operator defined by
On symmetries and transformations there are the following results [20] , which are for symmetries, strong symmetry and commutators.
is a symmetry of (2.6). 
Proposition 2. The operator (X, T, U ) is a strong symmetry of equation (2.5) if and only if
(F u ) −1 (x, t,
u)F u is the strong symmetry of (2.6).

Proposition 3. For arbitrary functions f (X, T, U ) and g(X, T, U ), we have
[[ f (X, T, U ), g(X, T, U )]] = F u [[(F u ) −1 f , (F u ) −1 g]],(2.
Symmetries and Lie algebra via gauge transformation
In this section, we derive two sets of symmetries of the vcKdV equation (1.1) and also these two sets of symmetries form a Lie algebra. Let us first look at some known results of the KdV equation (1.4) [23] .
Theorem 1. The operator
(X, T, U ) = ∂ 2 X + 4U + 2U X ∂ −1 X (3.1)
is a strong symmetry of the KdV equation (1.4). The KdV equation possesses two sets of symmetries,
which form a Lie algebra with the structure
Then, for the vcKdV equation (1.1) we can prove:
is a strong symmetry of the vcKdV equation (1.1) . The vcKdV equation also possesses two sets of symmetries,
.5a) and (3.5b) also form a Lie algebra with
Proof. Comparing (2.7) with (1.3) we can find
and the relation ∂ x = 1 S(t) ∂ X . Then from (3.1) it is easy to get
which is a strong symmetry for the vcKdV equation (1.1) in the light of proposition 1. Next, noting that
10b) and using proposition 2 we then get seed symmetries for the vcKdV equation,
By means of the obtained strong symmetry (x, t, u), one can generate two sets of symmetries,
Finally, from (3.3) and proposition 3, the commutating relation of (3.12) turns out to be (3.7). Thus the proof is completed.
Bilinear form and solutions
Using the transformation
the KdV equation (1.4) can be written into bilinear form [24] ( 2) and the bilinear equation is solved by an N th order Wronskian [25] [26] [27] [28] 
where
T is the Wronskian entry vector satisfying
where A can be an arbitrary N × N constant matrix.
If we use the coordinate relation (1.3b) and note that 
We note that both (4.6) and (4.7) have been given in [12] . Now that the bilinear equations admit the coordinate relation (1.3b), it is easy to give Wronskian solutions for the bilinear vcKdV equation.
Theorem 3. The following Wronskian
solves the bilinear vcKdV equation (4.6) provided the entry vector φ(x, t) satisfies
A φ, (4.9a)
where A is an arbitrary N × N constant matrix.
Conclusion
In this paper, by means of transforming theories and the gauge transformation ( We also derived bilinear form and Wronskian solutions using transformation. We note that the more general form of the vcKdV equation (1.1) (e.g. with u, u x terms, say, u t + a 1 (t)uu x + a 2 (t)u x x x + a 3 (t)u x + a 4 (t)u = 0, cf [11] ) with time-dependent coefficients can be transformed to the standard KdV equation with some constraints for the coefficients. One way to do that is first to transform it to the cylindrical KdV equation [29] and then to the KdV equation [17] . Another way is first to transform it into the form of (1.1) [11] and then to the KdV equation [14] . In fact, many variable coefficient soliton equations that pass the Painlevé-test can have a gauge transformation. We hope our discussion in this paper can provide a second approach to investigate integrable variable coefficient equations.
